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We apply the full Will-Nordtvedt version of the Parameterized Post-Newtonian (PPN) formalism
to a class of General Relativity extensions that are based on nontrivial renormalization group (RG)
effects at large scales. We focus on a class of models in which the gravitational coupling constant G is
correlated with the Newtonian potential. A previous PPN analysis considered a specific realization
of the RG effects, and only within the Eddington-Robertson-Schiff version of the PPN formalism,
which is a less complete and robust PPN formulation. Here we find stronger, more precise bounds,
and with less assumptions. We also consider the External Potential Effect (EPE), which is an effect
that is intrinsic to this framework and depends on the system environment (it has some qualitative
similarities to the screening mechanisms of modified gravity theories). We find a single particular
RG realization that is not affected by the EPE. Some physical systems have been pointed out as
candidates for measuring the possible RG effects in gravity at large scales, for any of them the Solar
System bounds need to be considered.
I. INTRODUCTION
The use of general relativity (GR) on the very small
scales of the universe, or on the very large ones, leads
to inconsistencies or to the need of unexpected new fea-
tures in the universe. These issues related with GR in-
clude quantum-gravity issues [1–6], the cosmological dark
sector [7–11], inflation [12–15], and perhaps smaller de-
tails like the small scale issues of the standard cosmolog-
ical model [16–21]. On the other hand, GR has achieved
great success through several tests, specially at the Solar
System scale [22] (see however [23] for some anomalies).
Here we analyse a class of GR extensions that is based
on Renormalization Group (RG) expectations consider-
ing gravity at large distances. There are different ap-
proaches for extending GR using RG effects, both in
the high and the low energy limits [14, 24–43], these
also include the asymptotic safety approach to quantum
gravity [5, 39, 44, 45]. We consider the RGGR (Renor-
malization Group extended General Relativity) approach
[46, 47], which extends and generalizes the proposals of
Refs. [28, 29, 48, 49]. One of the characteristic features
of this approach is the use of a correlation between the
RG scale µ and the Newtonian potential in the context of
stationary and weak field systems (some other proposals
use µ ∝ 1/r, which coincides with the RGGR proposal
for point particles, see also Ref. [50]). Another RGGR
feature is the use of a constant infrared β-function1 for
the gravitational coupling constant G (as explained in
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1 A β-function of a coupling X is defined by βX ≡ µ∂X/∂µ, where
Ref. [52], for instance). The existence of a correlation
between µ and the Newtonian potential is here assumed,
but this work is not restricted to a specific form of this
correlation, or to a single specific β-function.
Some different systems have been considered for eval-
uating large scale RG effects in gravity, from galaxies to
cosmology. Considering galaxies, previous tests of RGGR
in galaxies have found that the non-Newtonian effects
can act as a kind of effective dark matter if ν¯ & 10−9
[16, 46, 53], otherwise the effect could still be true but it
would have negligible impact as a kind of dark matter,
even for the smallest galaxies. The dimensionless pa-
rameter ν¯ sets the strength of the RG effects in a given
system, and it is such that ν¯ = 0 corresponds to classical
GR.
The Solar System data have always to be considered,
since it provides some of the clearest and precisest re-
sults on gravity. The first work on RGGR and the Solar
Syetem used the Laplace-Runge-Lenz (LRL) vector and
found |ν¯| . 10−17 [52]. A second work evaluated a
number of different observations in the Solar System, to
conclude that |ν¯| . 10−21 [54]. A third work used up to
date data on LRL vector and the Eddington-Robertson-
Schiff PPN formulation to find |ν¯| . 10−16 [55]. The
third work express the best bound on ν¯ at the Solar Sys-
tem up to this paper. This bound is softer than the oth-
ers since the corresponding paper was the first to notice
and consider an effect that depends on the system envi-
ronment and it is part of RGGR: the external potential
effect (EPE). Qualitatively, this effect can be explained
as follows, for a non-relativistic system: the higher is
µ is the RG scale [51]. From the integration of the β-function
one finds X(µ).
ar
X
iv
:1
70
6.
09
03
2v
2 
 [g
r-q
c] 
 29
 A
ug
 20
17
2the value of the Newtonian potential due to matter out-
side the system, the lower are the non-Newtonian effects
inside the system. This effect was not imposed as an
additional feature, it was already present in the theory,
but it was neglected in previous Solar System analyses.
It has superficial similarities with the screening mecha-
nisms of modified gravity [56–59]. It is also important to
stress that all these bounds consider a particular form for
the β-function of G, and a particular form for the scale
setting. Although they are natural options, they consti-
tute nonetheless additional hypothesis that will not be
necessary to the main results of this paper.
Here we apply the full Will-Nordtvedt version of the
Parameterized Post-Newtonian (PPN) formalism (see
[22, 60] for a review) to a class of RG extensions of GR
that includes RGGR as a particular case. The develop-
ment of the PPN formalism relied and still relies on many
researches, took many years and has currently some dif-
ferent bifurcations (e.g., [61–70]). Probably the most well
known and simplest version is the Eddington-Robertson-
Schiff PPN formulation, which essentially depends on two
parameters, γ and β. These are derived from theory so-
lutions considering a massive point within a static and
spherically symmetric space-time (for a review, see e.g.
[71]). This massive particle would represent the Sun and
test particles would be in place of the planets or photons.
The first parameter can be found from the measurement
of light bending, while the second from Mercury’s orbit
precession. This simpler PPN formulation was applied
to RGGR in Ref. [55]. Nonetheless, a theory whose val-
ues of γ and β are compatible with observations may
be incompatible with other experiments. Also, the use
of static spherically symmetric space-time and “point”
particles are just rough approximations which in general
are not irrelevant for post-Newtonian dynamics [60]. The
Will-Nordtvedt version considers more tests, it depends
on 10 parameters (nine of them are observationally con-
strained) and it is based on fluids, not on particles.
This work is organized as follows: in the next section
we present a review on RGGR that focuses on its main
features that are important for the PPN evaluation. The
review includes the original noncovariant formulation and
the newer covariant version. Section III briefly reviews a
few essential PPN features and apply them to RG exten-
sions of GR. In Sec. IV the observational bounds are de-
termined for any case in which G is an analytical function
of the Newtonian potential. The latter section also con-
siders the EPE and two particular classes of β-functions,
one of them being the RGGR case. Our conclusions are
presented in Sec. V. In the appendices A and B consider-
ations on the covariant formulation are presented, and it
is shown that the standard Will-Nordtvedt PPN formal-
ism cannot be applied to the full covariant formulation.
II. LARGE SCALE RG EXTENSIONS OF
CLASSICAL GR
A. A brief review on RGGR and a larger class of
theories
Not all RG extensions of GR at large scales have an
effective action that captures all the dynamical infor-
mation, without the need of imposing field equations
that are outside the action. For instance, as classified
in Ref. [49], some consider the RG improved equations
(e.g., [42, 72–74]), in which the coupling constants are
promoted to running ones at the level of the field equa-
tions. In the case of RGGR, this promotion is done at
the level of the action, and hence it is a case of RG im-
proved action (see e.g., [49, 75–79]). Moreover, it has an
action that leads to all the field equations [47]. At the
action level, RGGR depends explicitly on the dimension-
less constant ν, which is such that ν = 0 corresponds
to classical GR (i.e., the β-function of the gravitational
coupling becomes zero).
According to the RGGR action proposal of Ref. [47],
which extends and generalizes the proposals in Refs. [37,
46, 48, 49], large scale RG effects can be described by an
effective action which reads (using c = 1),
S =
∫ [
R− 2Λ{µ}
16piG(µ)
+ λ (µ− f(g, γ,Ψ))
]√−g d4x+Sm .
(1)
In the above, S = S[g, γ, µ, λ,Ψ], Sm = Sm[g,Ψ], Ψ
stands for any matter fields of any nature, and µ is the
RG scale, whose relation to all the other fields is stated
in the action in a constraint-like way, as imposed by the
Lagrange multiplier λ. The field γαβ is called the ref-
erence metric, it only appears inside f , without deriva-
tives, and its variation at the action level ensures energy-
momentum conservation [47]. The scalars G and Λ de-
pend on the RG scale µ, but in different ways. Namely,
G is a standard function of µ, which is fixed at the ac-
tion level. The relation between Λ and µ is not fixed at
the action level, but it can and must be derived from the
field equations; equivalently, this means that the corre-
sponding β-function of Λ is not universal, and it depends
on the matter fields. Examples on how to derive Λ for
different systems can be found in Ref. [47]. This system-
dependent relation between Λ and µ is stressed by the use
of a different notation, namely Λ{µ} instead of Λ(µ). In
essence this implies that a local analysis of Λ cannot de-
termine its global behaviour, and that Λ is not in general
an analytical function of µ.
Before proceeding, a comment on the nature of γαβ
and background independence is in order. The splitting
of the spacetime metric into a background plus quan-
tum corrections is a convenient procedure that is largely
used in the context of unveiling RG effects in gravity.
Nonetheless, it is expected that the physical phenomena
uncovered from this splitting does not depend on the cho-
sen background, that is, the RG effects should be back-
3ground independent [80–83]. Considering the f function
as proposed in Ref. [47], see also Appendix A, the de-
pendence on the reference metric γαβ is such that, when
the metrics coincide, the RG effects become null and one
recovers classical GR.2 Thus, γαβ sets a background for
the RG effects. Formally, the action (1) is background
independent in the sense that there is no particular ge-
ometry that is preferred. On the other hand, different
coices of γαβ at the level of the field equations lead to
different solutions for the spacetime metric. Therefore,
in the sense of the split symmetry, as discussed for in-
stance in Ref. [80], action (1) is not explicitly background
independent. This does not imply that γαβ is a physi-
cally independent quantity, only that action (1) does not
handle background changes (i.e., changes of γαβ within
a fixed coordinate system). In classical GR, sometimes
the boundary conditions are not obvious and one has to
use physical intuition (or large computational efforts) to
discover the proper boundary conditions. In the case of
the RG extended action (1), this problem includes find-
ing the proper reference metric.3 For systems that are
close to Newtonian, the most natural assumption for γαβ
is the Minkowski metric, in this case the RG effects de-
pend on the Newtonian potential, and this is the choice
assumed in this work. This choice is relevant for the pas-
sage from the covariant action (1) to the noncovariant
RGGR formulation (further details are in Appendix A
and in Refs. [47, 55]).
Considering the field equations, from action (1), the
variation with respect to λ yields the scale setting µ = f ,
the variation with respect to µ yields a condition between
G,Λ, λ which ensures that the matter energy-momentum
tensor satisfies4 ∇αTαβ ∝ λ. The variation with respect
to γαβ sets λ = 0 at the level of the field equations (when-
ever ∂f/∂γαβ 6= 0), thus ensuring energy-momentum
conservation (see Ref. [47] for further details). At last,
the variation with respect to the metric yields
Gαβ + Λgαβ = 8piGTαβ , (2)
where
Gαβ ≡ Gαβ + gαβGG−1 −G∇α∇βG−1, (3)
 ≡ gαβ∇α∇β , and ∇α is the covariant derivative.
If it is possible to neglect the contribution from Λ in
the Solar System up to first post-Newtonian order, which
seems natural since Λ should be a correction to the cos-
mological constant Λ0 that appears in classical GR, it is
2 More precisely, if, in a given neighborhood of a spacetime point
the metrics satisfy gαβ = γαβ , then in that neighborhood there
are no RG effects.
3 Actually the problem is much simpler, since for the proposed f
function one only has to specify a scalar quantity, uαuβγαβ (see
Appendix A).
4 Due to the constraint term that depends on both µ and the mat-
ter fields, the diffeomorphism invariance of Sm is not sufficient
to assure that Tµν is conserved [47, 84].
useful to write eq. (2) as
Rαβ = G
[
8pi
(
Tαβ − 1
2
gαβ T
)
+
+ ∇α∇β
(
G−1
)
+
1
2
gαβ
(
G−1
) ]
. (4)
The Λ term was not considered in the previous Solar
System analysis of RGGR [52, 54, 55]. In Appendix B
we comment on the possible effects of Λ and show that
the Will-Nordtvedt PPN formalism in its standard form
cannot handle the Λ term, in particular because Λ cannot
be both an analytical function and be compatible with
asymptotic flatness.
B. Running gravitational constant and scale setting
For concreteness, it helpful to present an example for
the G(µ) function. We present below a simple expression
for G(µ) that some of us used in previous publications,
and which was also derived from different RG approaches,
namely [e.g., 26, 27, 48, 49, 52, 85],
G(µ) =
G0
1 + 2ν ln(µ/µ0)
, (5)
where G0 and µ0 are constants such that G(µ0) = G0,
and ν is a small dimensionless constant. GR is recovered
with ν = 0. We present further details on the conse-
quence of this expression in Sec. IV, but our main results
in this work are not limited to this expression.
From the action (1), the relation of the scale µ to other
physical quantities (i.e., the scale setting [50, 86]) is a
field equation that comes from the variation of the ac-
tion with respect to the Lagrange multiplier λ. Contrary
to some other approaches, the scale setting is not an ad-
ditional equation outside the action, it is derived from the
action. In Ref. [46], considering RG expectations within
GR at large scales, some of us proposed that, within sta-
tionary weak field gravitational systems, there should be
a function f such that, in a given reference frame,
µ = f(U) . (6)
Our results do not depend on specifying a particular f
function. In the above, U is the negative of the Newto-
nian potential5 [60], and it is given by,
U(t, ~x) = GN
∫
ρ(t, ~x ′)
|~x− ~x ′|d
3x′ , (7)
5 For conciseness, commonly we will call U the Newtonian poten-
tial, without writing “negative” in front of it. We use U since we
are following the notation of Ref. [60] on the PPN parameters
and the potentials.
4where GN is the Newtonian gravitational constant (which
may be different from G0). The scale setting (6) is a de-
velopment over some previous RG application to gravity
at large scales, in which it was used the qualitative rela-
tion µ ∼ 1/r [e.g., 37, 48], that is, a large value for the RG
scale µ should correspond to small distances r. The use of
the Newtonian potential is in qualitative agreement with
the previous assumption, but it includes a dependence
on the mass distribution and uses the most relevant po-
tential for systems close to the Newtonian regime, that
is, U .
Since U is not a spacetime scalar, the scale setting (6) is
not covariant. In Refs. [47, 55] we proposed a covariant
generalization of the above scale setting, but we leave
further details on the covariant version to the Appendix
A. As shown in the latter appendix, the covariant version
leads to the appearance of potentials that are not part of
the Will-Nordtvedt PPN formalism.
In Ref. [55] we used eq. (5) and presented a natu-
ral f(U) function which lead to a metric solution with
spherical symmetry that could be handled through the
Eddington-Robertson-Schiff PPN formalism. Here we
will proceed with more generality, namely we will sim-
ply demand that G can be expanded as a function of U
as follows,
G−1(µ) = G−1(U) = G−1e + 2
∞∑
n=1
νnU
n. (8)
With this parametrization, GR is recovered with νn = 0.
It will be shown that all the νn terms with n ≥ 3 are
not relevant to the Solar System dynamics up to the first
post-Newtonian order. In eq. (8), νn are real constants
and Ge is the value of G(U) when U = 0. We use the
index e in reference to the external value of G. That is,
far from the Sun, the Newtonian potential of the Solar
System should become close to zero, but the value of G
at such distance may depend on the environment of the
Solar System. This will be further developed in Sec. IV
and the relation between Ge and GN is shown in the next
section.
III. THE POST-NEWTONIAN
APPROXIMATION
In this section we apply the Will-Nordtvedt PPN for-
malism [22, 60] to a RG extension of GR whose RG scale
µ is correlated with the Newtonian potential. This for-
malism uses a perfect fluid as the gravitational source and
describes the metric of a gravitational theory in terms of
ten observable PPN parameters in a theory-independent
way. The main small parameter of the formalism is the
velocity field |~v| = v < 1. The metric is expanded about
Minkowski spacetime,
gαβ = ηαβ + hαβ , (9)
where ηαβ is the Minkowski metric, which is of zeroth-
order on v, and hαβ ∼ O(v2), at least. We use the signa-
ture (−,+,+,+).
Up to the first post-Newtonian order, the metric must
be known as follows: g00 to order v
4, g0i to order v
3 and
gij to order v
2 (Latin indices run from 1 to 3). Thus, up
to the required order, the Ricci tensor components can
be expressed as
R00 =− 1
2
∇2h00 − 1
2
(
hkk,00 − 2hk0,k0
)− 1
4
|~∇h00|2 +
+
1
2
h00,l
(
hlk,k −
1
2
hkk,jδ
j
l
)
+
1
2
hklh00,lk , (10)
R0i =− 1
2
(∇2h0i − hk0,ik + hkk,0i − hki,k0) , (11)
Rij =− 1
2
(∇2hij −h00,ij +hkk,ij −hki,kj −hkj,ki) .
(12)
The comas refer to simple derivatives, ∇2 ≡ ηij∂i∂j , and
it was used that time derivatives effectively count as one
order increase. Thus, if a quantity X is of order vn then
X,k ∼ O(vn) and X,0∼ O(vn+1).
Using eq. (8) and that U ∼ O(v2) for systems not far
from equilibrium, then
∇α∇β
(
G−1
)
= (G−1),αβ − Γλαβ(G−1),λ ,
= 2ν1
(
U,αβ −ΓλαβU,λ
)
+ (13)
+ 4ν2
(
U,α U,β +UU,αβ
)
+O(v6) .
Since the gravitational source is a perfect fluid,
Tµν = (ρ+ ρΠ + p)uµuν + pgµν , (14)
where Π is the specific energy density, p is the pressure
and uµ = (u0, vi) is the four velocity of the fluid element,
with
u0 =
√
1 + v2
1− h00 , (15)
such that uµu
µ = −1. The mass density ρ, Π and p/ρ
are of order v2 [60].
With the expressions above, we compute the metric
components order by order on powers of v.
a. h00 up to order v
2 (Newtonian limit): Up to the
required order,
R00 = −1
2
∇2h00 and T00 = −T = ρ . (16)
Therefore,
∇2h00 = −8piGeρ+ 2Geν1∇2U (17)
and, from eq. (7),
h00 = 2
Ge
GN
(1 +GNν1)U . (18)
5In order to be in agreement with the Newtonian
physics,
h00 = 2U , (19)
thus we must set
Ge(1 +GNν1) = GN . (20)
The equation above sets the relation between Ge and GN.
Since this relation is now clear, henceforth we use
GN = 1 . (21)
Thus,
Ge =
1
1 + ν1
. (22)
b. hij up to order v
2: Imposing the three gauge con-
ditions,
hµi,µ −
1
2
hµµ,i = 2Geν1U,i , (23)
the spatial part of eq. (4) reduces to,
∇2hij = −8piGeρδij − 2Geν1∇2Uδij . (24)
The above equation is easily integrated,
hij = 2
(
1− 2 ν1
1 + ν1
)
U δij , (25)
where eq. (22) was used.
c. h0i up to order v
3: With a fourth gauge condi-
tion,
hµ0,µ −
1
2
hµµ,0 = −
1
2
h00,0 + 3Geν1U,0 (26)
and from eq. (4),
∇2h0i +GeU,0i = 16piGeρvi . (27)
To integrate the above equation, we will use the super-
potential χ(t, ~x) [60], which is given by
χ(t, ~x) ≡
∫
ρ(t, ~x′)|~x− ~x′| d3x′ . (28)
From the above definition,
∇2χ = −2U and χ,0i = Vi −Wi , (29)
where
Vi =
∫
ρ(t, ~x′) v′i
|~x− ~x′| d
3x′ , ∇2Vi = −4piρvi , (30)
and
Wi =
∫
ρ(t, ~x′)~v · (~x− ~x′)(x− x′)i
|~x− ~x′|3 d
3x′ . (31)
Therefore, from eq. (27) it results
h0i = − 7Vi
2(1 + ν1)
− Wi
2(1 + ν1)
. (32)
d. h00 up to order v
4: To develop the right hand
side of the dynamical equation, we need the explicit ex-
pression of some components of the connection. To the
required order, that terms are
Γi00 =− U,i , (33)
Γkij =
(
1− 2 ν1
1 + ν1
)(
U,iδ
k
j + U,jδ
k
i − U ,kδij
)
. (34)
For the energy-momentum tensor, up to order v4, one
finds
T00 − 1
2
g00T =
1
2
ρ
[
1 + 2
(
v2 − U + Π
2
+
3p
2ρ
)]
, (35)
where the expansion of eq. (15) was used. By considering
the gauge fixing conditions (23), (26), introducing the
potentials below [60],
∇2Φ1 = −4piρv2, ∇2Φ2 = −4piρU,
∇2Φ3 = −4piρΠ , ∇2Φ4 = −4pip, (36)
and using the relation,
|~∇U |2 = ∇2
(
U2
2
− Φ2
)
, (37)
the dynamical equation can be integrated, leading to
h00 = 2U − 2
[
1 +
ν21 − ν2(1 + ν1)
(1 + ν1)2
]
U2 +
+
4Φ1
1 + ν1
+
2Φ3
1 + ν1
+
6Φ4
1 + ν1
+
+
[
4
(
1− ν1 + ν21
)
(1 + ν1)2
− 4ν1
1 + ν1
]
Φ2 +O(v
6) . (38)
With the above, we conclude the expansion of the
RGGR perturbations as a function of the PPN poten-
tials. In the next section, we infer the values of the PPN
parameters and compare with the observational values.
IV. THE PPN PARAMETERS AND THEIR
INTERPRETATION
A. General analysis
With the results obtained in the previous section, the
metric up to the first post-Newtonian (1PN) order can
6be written as
g00 =− 1 + 2U − 2
[
1 +
ν21 − ν2(1 + ν1)
(1 + ν1)2
]
U2 +
+
(
1− ν1
1 + ν1
)(
4Φ1 + 2Φ3 + 6Φ4
)
+
+ 4
[
1− 4ν1 + ν
2
1
(1 + ν1)2
]
Φ2 , (39)
g0i =
(
1− ν1
1 + ν1
)(
− 7Vi
2
− Wi
2
)
,
gij = δij + 2
(
1− 2ν1
1 + ν1
)
U δij .
To extract the PPN parameters from the above geometric
structure we compare it to the Will-Nordtvedt generic
post-Newtonian metric [60], namely
g00 =− 1 + 2U − 2βU2 + (2γ + 2 + α3 + ζ1 − 2ξ)Φ1 +
+ 2(3γ − 2β + 1 + ζ2 + ξ)Φ2 + 2(1 + ζ3)Φ3 +
+ 2(3γ + 3ζ4 − 2ξ)Φ4 − (ζ1 − 2ξ)A− 2ξΦW ,
g0i =− 1
2
(4γ + 3 + α1 − α2 + ζ1 − 2ξ)Vi − (40)
− 1
2
(1 + α2 − ζ1 + 2ξ)Wi ,
gij = (1 + 2γ U) δij .
From the coefficients of U in gij and U
2 in g00, one
infers the parameters γ and β as functions of ν1 and ν2.
Using the data from Table I, one finds
|ν1| < 1.2× 10−5 , |ν2| < 8× 10−5 . (41)
We stress that the above considers only the observational
constraints from γ and β, which are not all the observa-
tional constraints.
Since ν1 and ν2 need to be much smaller than one,
their relations to the PPN parameters can be expressed
from linear expansions on ν1 and ν2, which reads
γ = 1− 2ν1 ,
β = 1− ν2 ,
α2 = −ν1 ,
ζ2 = −2(ν1 + ν2) , (42)
ζ3 = −ζ4 = −ν1 ,
α1 = α3 = ξ = ζ1 = 0 .
Using the relations above and the observational con-
straints of all the the PPN parameters, listed in Table I,
the resulting strongest constraints on the parameters ν1
and ν2 are displayed in Table II. One sees that they do
not come from β or γ, but from α2 and ζ2.
TABLE I. Limits on the PPN parameters, considering only
the strongest limits for each parameter [22]. The ζ4 does not
have a direct measurement. These limits apply to the absolute
value of each parameter.
Parameter Limit
γ − 1 2.3× 10−5
β − 1 8.× 10−5
ξ 4.× 10−9
α1 4.× 10−5
α2 2.× 10−9
α3 4.× 10−20
ζ1 2.× 10−2
ζ2 4.× 10−5
ζ3 1.× 10−8
ζ4 —
TABLE II. Strongest constraints on ν1 and ν2 from all the
observational constraints on the PPN parameters.
Constraint Origin
|ν1| < 2× 10−9 α2 constraint
|ν2| < 2× 10−5 ζ2 constraint
There are well known examples of theories that come
from an action and have α1 and α2 different from zero,
which are related with special frame effects [22, 87], but
theories with an action are not expected to yield non-
zero values for any of the ζ’s and α3 if ξ = 0 [88]. On the
other hand, we are not using the full covariant action,
which demands energy-momentum conservation, but the
noncovariant approximation. The derived bound from
ζ2 changes the bound found from the β parameter by a
factor 4 (from eq. 41). That is, the noncovariant approx-
imation works as an order of magnitude approximation,
at the 1PN order, to the covariant version [55]. The sit-
uation would be different in case α3 would depend on ν1
or ν2. Further considerations on the effects from Λ and
the full covariant action are in appendices A and B.
B. A constant infrared β-function and the External
Potential Effect
There is a particular expression for G(U) that is well
motivated and particularly simple. This expression was
proposed in Ref. [46] and it reads
G−1 = G−10
[
1 + 2ν¯ ln
(
U
U0
)]
, (43)
where ν¯ is a constant and U0 is a reference potential (the
one that satisfies G(U0) = G0). The above expression
uses the following infrared β-function of G [e.g., 26, 27,
49, 52, 85] (with c = ~ = 1),
βG−1 ≡ µ∂G
−1(µ)
∂µ
= 2νM2Planck = 2νG
−1
0 , (44)
7whose integration leads to G−1(µ) = G−10 (1+2ν lnµ/µ0).
The latter expression is combined with the scale setting
[46, 50, 55]
µ =
(
U
U0
)α
. (45)
In eq. (43) we used ν¯ ≡ να.
The G(U) expression from eq. (43) is not in general
compatible with the expansion (8), but it becomes com-
patible once the external potential effect (EPE) is con-
sidered [55].
Since in this picture G depends on the potential U ,
G will in general depend on both the matter distribution
inside the system under investigation and also the matter
outside it. Following Ref. [55], we write,
ρ = ρs + ρe ,
U = Us + Ue , (46)
where ρs refers to the matter density contribution that is
inside the system under consideration, while ρe refers to
the external mass density. The quantities Us and Ue are
computed from eq. (7), but with ρ replaced by ρs and ρe
respectively.
We consider that the scale of the system is much
smaller than the typical scale of the exterior contribu-
tions (e.g., the Solar System inside the Galaxy), such
that inside the system Ue behaves as a constant. Hence,
instead of using the arbitrary U0 scale, it is convenient
to use Ue as the reference potential, as follows,
6
G−1 = G−1e
[
1 + 2ν¯ ln
(
1 +
Us
Ue
)]
,
= G−1e
(
1 + 2ν¯
Us
Ue
− ν¯ U
2
s
U2e
)
+ ... (47)
with G(Ue) = Ge (or, equivalently, G|Us=0 = Ge) and
Us < Ue. The expression above is compatible with
eq. (8), with Us in place of U . Hence, we identify,
ν1 =
ν¯
GeUe
,
ν2 = − ν¯
2GeU2e
. (48)
It should be remembered that the expressions above as-
sume Ue > Us, hence the limit Ue → 0 is meaningless.
The PPN bound on ν¯ depends on the value of Ue, and
it is such that the larger is Ue, the softer is the bound
on ν¯. Since Ue is a gravitational potential, Ue < 1, and
6 The change on the scale from U0 to Ue actually changes G0 to
Ge and also changes ν¯, such that the product G−1ν is constant.
The relevant change is on the reference potential, the changes
on G and ν are second order on ν. For clarity, we opted not to
introduce an index on ν to label this small change. The exact
expressions can be found in Ref. [55].
hence the most conservative bound on ν¯ comes from using
Ue ∼ 1, which reads
|ν¯| < 10−9 for Ue ∼ 1. (49)
The minimum structure outside the Solar System that
it should be considered is the Milky Way, whose Newto-
nian potential at the Solar System position can be esti-
mated to be about Ue ∼ 10−6 [55], thus,
|ν¯| . 10−17 for Ue ∼ 10−6. (50)
Beyond the Milky Way, one should consider the Local
Group contribution to U . Since the Milky Way is already
one of the two most massive galaxies of the Local Group,
the other being Andromeda, the bound will not change
appreciably. Beyond the Local Group there is the Virgo
super-cluster, but the Local Group is not gravitationally
bound to it, thus one starts to enter a domain in which
cosmology becomes important, and hence beyond the va-
lidity of the scale setting (6). Therefore, unless there is
some nontrivial cosmological contribution, eq. (50) is the
most reasonable bound on ν¯ that can be inferred at the
Solar System.
The bound that appears in eq. (50) is slightly stronger
than the bound from Ref. [55], where it was found
|ν¯| . 10−16 for the same value of the external poten-
tial. The reason for the disagreement comes from that
here we use all the Will-Nordtvedt parameters, and the
strongest bound on ν2 is not the one from β, but from
ζ2. These two bounds only differ by a factor 4, but since
8 × 10−5 ∼ 10−4 and 2 × 10−5 ∼ 10−5, the final answer
has an order of magnitude of difference.
C. Infrared β-function proportional to µn and the
External Potential Effect
Although the case of a constant infrared β-function is
a natural one, here we consider another simple possibility
that also appears frequently in diverse contexts,
βG−1 ≡ µ∂G
−1(µ)
∂µ
= νµn, (51)
where n is a dimensionless real constant different from
zero and ν is a constant. Again ν is used to set the
strength of the RG effects, but for the β-function above,
ν is a dimensionful quantity.
After integrating eq. (51) and using the scale setting7
µ = U , one finds
G−1(U) = G−10 +
ν
n
Un . (52)
7 One could consider µ = f(U), but for clarity we consider this
simpler case.
8In the above, G0 is an integration constant. Upon con-
sidering the presence of matter outside the system, U is
divided into Us and Ue (the latter being a constant) and
the G expression can be stated as a function of Us as
follows,
G−1 = G−10 +
ν
n
(Us + Ue)
n
= G−1e −
ν
n
Une +
ν
n
(Us + Ue)
n (53)
= G−1e + νU
n−1
e Us + ν
n− 1
2
Un−2e U
2
s +O
(
U3s
U3e
)
,
where Ge is defined from G(Us = 0) = Ge.
From the expansion above and eq. (8), one identifies
ν1 =
1
2
νUn−1e , (54)
ν2 = ν
n− 1
4
Un−2e . (55)
As in the previous subsection, for Ue ∼ 1, the bound
comes from α2 and reads (using c = ~ = GN = 1),
|ν| < 10−9. (56)
If Ue  1 and n = 1, then the bound above is also valid.
For the case Ue ∼ 10−6 (which corresponds to the con-
tribution from the Milky Way at the Solar System), and
if n is not close to one, the bound becomes,
|(n− 1)ν| . 10−16+6n . (57)
The above inequality shows that the larger is the external
potential Ue, the softer is the bound on ν, as expected.
This example with G given by eq. (52) shows that,
for some cases, the EPE does not improve concordance
with GR. Namely, for n = 1 the bound on ν is given by
eq. (56), which is independent of Ue.
V. CONCLUSIONS
In this work we used, for the first time, the Will-
Nordtvedt PPN formalism to address Solar System
bounds on a class of RG-based proposals that extend
GR. This class is such that the RG scale is a function of
the Newtonian potential, hence in particular it includes
the RGGR proposal [46–48]. We also consider the Exter-
nal Potential Effect (EPE), which is an intrinsic effect of
these proposals and which depends on the environment
of the system [55].
In Ref. [55], using a more heuristic approach within
the less rigorous and simpler Eddington-Robertson-Schiff
PPN version, it was found the bound |ν¯| . 10−16
for RGGR. Here we find a slightly stronger bound for
RGGR,8 |ν¯| . 10−17 (both of these bounds consider the
8 Indeed, as argued in Ref. [55], although the used approach was
not as rigorous as the one employed here, the bounds derived on
[55] should be an order of magnitude estimation.
Solar System as part of the Milky Way, see Sec. IV B).
Moreover, the present work also address bounds for a
more general class of theories, whose relation between G
and the Newtonian potential is given by the expansion
(8). The bounds for such class are stated in Table II.
These bounds should be seen with care since they, for
technical convenience, do not consider the EPE. Imple-
mentations of the EPE, for different RG extensions, are
presented in Secs. IV B and IV C. In Sec. IV C, we ex-
plore relations between G and the Newtonian potential
that are simple considering the RG motivation, and that
do not follow the original RGGR proposal [46]. In par-
ticular, we find a single peculiar case in which the EPE
is irrelevant to the observational bound (the case n = 1
in eq. 52).
Renormalization group extensions of GR at the large
scales, as presented in several works (some of them are
cited in the introduction), constitute a theoretical possi-
bility which demands to be analysed. We add that it is
in connection with QFT in curved spacetime and quan-
tum gravity from the asymptotic safety approach. Also,
it leads to results and a framework that cannot be natu-
rally achieved by other means. Among the possible phe-
nomenological consequences, some works have developed
on the possibility that perhaps such RG modifications of
classical GR may be related to dark matter-like effects
[e.g., 28, 29, 37, 46, 48, 89–91]. The latter line of re-
search, has achieved interesting nontrivial consequences,
but there is not yet an approach sufficiently developed
and tested to be clearly better than the standard dark
matter approach. Apart from such uncertainties, and on
whether one should look for RG effects associated to dark
matter or to other effects, the constraints from the Solar
System commonly depend on less hypothesis than larger
scale phenomena and are commonly of higher precision,
hence they should always be taken into consideration.
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Appendix A: Covariant scale setting and new PN
potentials
Here we consider the covariant extension as proposed
in Refs. [47, 55]. Considering the latter references, the
scale setting (6) has a covariant extension given by
µ = f(Ψ), (A1)
with
Ψ ≡ hαβuαuβ . (A2)
9In the above, uα is the fluid four-velocity defined in (14),
hαβ ≡ gαβ − γαβ , and γαβ is the reference metric, which
we use the Minkowski metric. Hence, the hαβ that ap-
pears in eq. (A1) is the same that appears in eq. (9).
We expand G−1 as a power series on Ψ, similarly to
eq. (8),
G−1 = G−1f +
∞∑
n=1
σnΨ
n . (A3)
In the above, Gf is the value of G when Ψ = 0 (it needs
not to coincide with Ge from eq. 8). We use σn in place
of νn to avoid confusion, since these quantities are in
general different. Rewriting the field equation (4) up to
the first post-Newtonian order, it results
Rαβ = Gf (1−Gfσ1Ψ)
[
8pi
(
Tαβ − T
2
gαβ
)
+
+ σ1∇α∇βΨ + σ2∇α∇βΨ2+
+
1
2
gαβσ1Ψ +
1
2
gαβσ2Ψ2
]
. (A4)
Using eq. (15), Ψ is expanded as follows,
Ψ = h00 +h
2
00 +h00v
2 + 2h0iv
i +hijv
ivj +O(v6) . (A5)
The relation between Gf and GN is found from the
Poisson equation ∇2h00 = −8piGNρ at the Newtonian
order, which implies
Gf =
GN
1 + σ1GN
. (A6)
In the following, we use GN = 1. The relation above
is similar to eq. (20), but we stress that νn and σn are
associated to different expansions, threfore their values
will in general be different as well.
Before expressing the metric solution up to the 1PN
order, first we solve eq. (A4) for h00 and hij up to order
v2, and h0i to order v
3. In this case, it is sufficient to
consider Ψ ≈ h00. The procedure is the same one of
Sec. III, and it yields,
h00 = 2U +O(v
4) , (A7)
hij = 2
(
1− 2σ1
1 + σ1
)
Uδij +O(v
4) , (A8)
h0i = − 1
1 + σ1
(
7
2
Vi +
1
2
Wi
)
+O(v5) . (A9)
Now we proceed to obtain h00 up to v
4 order. In this
case, the fourth-order terms that appear in eq. (A5) do
contribute. The resulting expression for h00 reads,
h00 = 2U − 2
[
1− σ1 + 2σ2(1 + σ1)
1 + σ1
]
U2 +
+ 4Φ1 + 4
(
1− 3σ1
1 + σ1
)
Φ2 + 2Φ3 + 6Φ4 +
+ 2σ1Uv
2 − 7σ1Vivi − σ1Wivi +O(v6) . (A10)
The standard Will-Nordtvedt PPN formalism [22, 60]
does not include the three last terms in eq. (A10). The
above is not the only field equation of the covariant for-
mulation, and neither it is complete, since the Λ term
was not considered (see Appendix B). Nonetheless, it is
sufficient to show that new potentials will appear. In
conclusion, the PPN analysis of the covariant extension
of the scale setting (6), as proposed in [47, 55], demands
an extension of the formalism, including the potentials
above, which is beyond the purpose of this work. Theo-
ries that are not covered by the PPN formalism are not
rare in the literature [e.g., 92, 93].
Appendix B: Λ and violation of asymptotic flatness
or analyticity
In this appendix it is shown that the Λ term either
violates asymptotic flatness or it cannot be expressed as
an analytical function, which are necessary conditions for
the application of the PPN formalism. We also comment
on the possible physical impact of Λ in the Solar System.
The Λ term includes a Λ0 constant, which reduces to
the cosmological constant of GR if ν = 0, and RG cor-
rections that depend on the RG scale µ and on powers
of ν. The constant Λ0 in GR necessarily leads to non-
asymptotically flat spacetimes, hence it is not considered
in standard PPN Solar System analysis. This is also
physically reasonable since, up to first Post-Newtonian
order (1PN), considering its value as inferred from the
cosmological observations, it has negligible impact on the
Solar System dynamics [e.g., 94]. Therefore, as a start-
ing point on the Λ contribution analysis up to 1PN, we
consider
Λ0 = 0 . (B1)
According to Ref. [47], in any region without matter
(i.e., Tµν = 0), writing Λ and G as Λ = Λ0 + O(ν) and
G = G0 +O(ν), then,
Λ = Λ0G0G
−1 +O(ν2) . (B2)
Consequently, in vacuum and using Λ0 = 0, one finds
Λ = 0 +O(ν2).
From the above, one concludes that, within the ap-
proximation that the Solar System is composed by point
particles representing the Sun and the planets, Λ should
not have a relevant role up to the 1PN order. This is
in accordance in particular with the Laplace-Runge-Lenz
vector approach of Refs. [52, 55].
On the other hand, the Will-Nordtvedt PPN approach
uses a fluid instead of point particles. This change from
particles to fluid may lead to different answers depending
on the theory [60], for instance it may change the value
of β appreciably.
As commented in Sec. II, the Λ expression as a func-
tion of µ should be derived from the field equations and
hence it is not universal (say, in vacuum, inside a star
10
or in cosmology Λ may have different dependences on
µ). Nonetheless, for a fixed system, the Solar System, Λ
should be a fixed function of µ. Using the scale setting
(6) and expanding Λ similarly to what was done for G in
eq. (8), let
Λ = Λ0 +
∞∑
n=1
ΛnU
n . (B3)
The hypothesis in the above is that, although Λ is not in
general an analytical function, perhaps it can be approx-
imated by one in the Solar System and up to 1PN order.
We will show that this hypothesis cannot be true in an
asymptotically flat spacetime.
With Λ, the field equations (4) become
Rµν = G
[
8pi
(
Tµν − 1
2
gµν T
)
+ (B4)
+ ∇µ∇ν
(
G−1
)
+
1
2
gµν
(
G−1
) ]
+ Λgµν .
To proceed with the PPN analysis, one needs to find
the metric solution up to order v4. As a first step, the
equation for the zeroth order on v contribution leads to
eq. (B1), as expected. The next step is to compute the
Newtonian limit which means evaluate h00 up to order
v2. Thus, using GN = 1,
h00 = 2U − Λ1χ , (B5)
which extends eq. (18). The potential χ is defined in
eq. (28).
According the PPN formalism, the weak field expan-
sion is about Minkowski metric, but χ is a potential that
diverges at infinity and there is no gauge freedom to re-
move it, therefore,
Λ1 = 0 . (B6)
With the above result, any contribution from Λ to the
metric may appear only at the v4 order or higher.
Since the Λ contribution to the field equations is sim-
ply an additional term that depends on no derivates, its
contribution to the metric can be easily obtained follow-
ing the same steps used to derive eq. (38), leading to, up
to the terms of order v4,
h00 = 2U − 2
[
1 +
ν21 − ν2(1 + ν1)
(1 + ν1)2
]
U2 +
+
4Φ1
1 + ν1
+
2Φ3
1 + ν1
+
6Φ4
1 + ν1
+ (B7)
+
[
4
(
1− ν1 + ν21
)
(1 + ν1)2
− 4ν1
1 + ν1
]
Φ2 + 2Λ2ℵ ,
where ℵ is a new post-Newtonian potential defined as
ℵ = − 1
4pi
∫
U ′2
|x− x′|d
3x′ . (B8)
The other metric components are the same as in eq. (39).
For large distances from the system, U should decay
linearly with the distance, and therefore ℵ diverges loga-
rithmically, implying that
Λ2 = 0, (B9)
to preserve asymptotic flatness. With above, the contri-
bution from Λ is completely eliminated up to the 1PN
order.
In conclusion, the Λ term cannot be considered within
the standard form of the Will-Nordtvedt PPN formalism.
We have not proved that its contribution is dynamically
negligible, and hence by not considering it one may be in-
serting violations of energy-momentum conservation that
are relevant at 1PN order within the fluid description.
However, considering the point particle case, in which Λ
becomes zero everywhere, it is unlikely that its inclusion
can change the derived bounds by orders os magnitude.
For instance, in case a full inclusion of Λ in the dynamics
can lead to ζ2 = 0, the bound on ν2 in table II will change,
but hardly by an order of magnitude, in particular since
the constraint on β is rather close to the constraint that
comes from ζ2.
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